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Anchoring Transitions of Nematic Liquid
Crystals in a Lattice Model

J.CHAKRABARTI and B. M. MULDER*

FOM Institute for Atomic and Molecular Physics, P.O. Box 41883, 1009 DB Amsterdam,
The Netherlands

(Received 13 May 1997, in final form 1 May 1998)

We investigate the effect of surface ordering on the bulk anchoring and anchoring transition of
a nematic liquid crystal placed in the contact with a solid substrate. We model this situation by
a simple lattice spin model in a semi-infinite geometry, where we impose the orientational
distribution function (ODF) at the planar boundary. Mean field calculations, verified by Monte
Carlo calculations, show that the anchoring transitions in the system are fully determined by the
parameters of the imposed boundary ODF.
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1. INTRODUCTION

The orientation of the preferred axis of a homogeneous nematic phase in the
absence of external influences, is infinitely degenerate. This degeneracy is the
consequence of the fact that the nematic phase arises from the spontaneous
breaking of the continuous rotational symmetry of the isotropic phase. One
way to lift this degeneracy is to bring a nematic sample into contact with a
solid substrate. Due to the interactions with the substrate the director in
the bulk of the sample, i.e., far away from the substrate picks up a unique
orientation. This effect is known as the anchoring of the liquid crystal. The
phenomenon of orientation of nematic liquid crystals by surfaces is as well
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studied as the liquid crystals themselves for both fundamental reasons
and technical (display) applications [1]. The anchoring induced by a solid
substrate i1s particularly interesting, for changes in the bulk anchoring
direction, i.e., anchoring transitions, can be induced by (small) changes in the
conditions right at the substrate [1].

We can distinguish three regions in a nematic liquid crystal in contact
with a substrate. Far from the contact surface, we have a bulk nematic
liquid crystal with uniform orientation of the director. Right at the surface,
the orientation of liquid cyrstal molecules in direct contact with the sub-
strate is strongly determined by their interaction with the substrate. In
between there is an interfacial region, through which the nematic order
evolves from the surface order to the bulk order. Recent second harmonic
generation (SHG) experiments [2] have shown that it is possible to re-
construct in detail the orientational distribution function (ODF) induced
right at the solid substrate. There have been a number of recent experiments
[2,3,7] which elucidate the connection between the ODF at the substrate,
determined from SHG experiments and the bulk anchoring transition.
Jérome and Shen [3] study the anchoring of nematic liquid crystalline mole-
cules, like SOCB and 5CB on cleaved surface of muscovite mica in the
presence of volatile ethylene glycol vapour. With increasing ethylene glycol
concentration, the peaks of the ODF at the substrate, as probed by SHG
experiments, undergo an abrupt change at some critical concentration of the
vapour and simultaneously the planar bulk director is observed to undergo
azimuthal reorientation namely, from a perpendicular to a parallel orien-
tation with respect to the mirror symmetry plane of the underlying substrate.
Recently Schuddeboom and Jérome [7] have carried out systematic
experiments on the anchoring of SOCB and 7CB in the presence of water
vapour on a highly anisotropic substrate, phlogopite mica, which has a
three fold symmetry axis. The ODF induced at the substrate, probed by
SHG, has a three fold symmetric structure as well, reflecting the symmetry
of the underlying substrate. With increasing vapour pressure, the tilt
distribution of the three fold symmetric ODF with respect to the substrate
normal is observed to change and the planar bulk director reorients in the
azimuthal plane at a critical pressure from perpendicular to parallel with
respect to one of the substrate symmetry axes.

From a statistical mechanical point of view such systems are highly
complicated because of their inherent inhomogeneity close to the boundary,
and an adequate modelling of the substrate effect is a challenging task.
Conventionally a surface potential is assumed in the free-energy that reflects
the symmetry of the substrate. Landau-de Gennes theory based on a poly-
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nomial expansion of the free energy in the nematic order parameter, has
been successfully applied to understand anchoring transitions {8]. But this
type of theory is highly phenomenological in character. The expansion
coefficients in general have an unknown dependence on experimental
parameters. More microscopic approaches, invariably based on some form
of density functional theory, tend to simplify the problem by neglecting the
inhomogeneity of the interfacial region, and assuming that the LC behaves
bulk-like right up to the surface. However, the SHG experiments [2, 3, 7]
suggest that the ODF at the boundary, clearly dominated by strong
coupling to the substrate, is not even reminiscent of the distribution in the
bulk and hence one cannot neglect the relaxation of surface induced order
to the bulk order through the interfacial region. This clearly calls for a
microscopic calculation which retains the interfacial region as well. We are
thus led to propose an approach where the boundary ODF, determined e.g.,
by SHG experiments, is directly used as input to theory. The bulk ODF is
calculated using microscopic interaction, treating the SHG generated ODF
as a boundary condition. This step would allow us to determine how the
symmetry of the boundary layer propagates through the interfacial region to
yield the asymptotic bulk behaviour. Our main goal is to understand which
features of the boundary ODF are responsible for determining the bulk
anchoring direction. In this way one can build up an anchoring phase-
diagram in terms of parameters that characterize the boundary ODF. We
discuss the mean field theory that we apply here in Section 2. First we test
our approach on a tutorial example: the simplest model available for a
nematic viz. the Lebwohl-Lasher (LL) model with a uniaxial and a biaxial
boundary ODF, as illustrated in Section 3. Next we take up the case of
highly anisotropic boundary distributions, more specifically a three-fold
boundary ODF as in Ref.[7], detailed in Section 4. We conclude the paper
in Section 5 with some remarks. An Appendix contains the details of the
derivation of the mean-field free energy functional employed.

2. MEAN FIELD THEORY

We model the nematic liquid crystal as a system of classical spins on a cubic
lattice, where each spin interacts with its nearest neighbours through an
interaction V(w,w’), which depends on ~, the angle between two spins with
orientations w (=0, ¢) and w’'. The lattice is infinite in the x and y directions
and bounded in the z direction. The whole system can be viewed as a stack
of planar surfaces with the z-axis as normal to the planes. The ODF for the
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a-th plane is denoted by p'®’(w). The planar surface at which we fix the
substrate induced ODF p@(w) is located at the z =0 boundary. For
convenience we introduce a free boundary at z = N, taking care that N is
large enough so as to allow bulk behaviour to develop. For concreteness we
identify the polar axis with respect to which the orientations of the spins are
defined, with the z-axis of the lattice, which defines our lab frame. We treat
this model within the mean-field approximation. Although, strictly speak-
ing, only valid for the case of weak long-ranged interactions, this approxi-
mation is the starting point for most analyses of interfacial phenomena
[4], and has been employed in the context of lattice systems as well [5], [6].
In 3D, and sufficiently far from phase boundaries, where fluctuation
effects are minor and interfaces generally sharp, the mean-field approach is
at least expected to provide a qualitatively correct picture. The mean field
free energy per column of spins perpendicular to the boundary is given by
the following functional of the set of ODFs {p®(w)}, = 12....N

Flp!® (w kBTZ / dwp'® (w) In p')(w) (1)

+Z/d“’dw PN W)V (w,w) B (') + p (W) + peD (W] (2)

The derivation of the mean-field free energy functional for an inhomo-
geneous lattice model is discussed in the Appendix. The self-consistency
equation for the ODF obtained from Eq. (2) are:

(W) = =—exp —BH () (3)

1
Z()
where

H'" () =/dw'V(w,w')[‘*p(“)(w')+p(“"’(w')+p(““)(w')] (4)

and

Z® = / dwexp —BH @ (w) (5)

which taken care of the normalisation of p'®.
It is convenient to decompose the ODF in spherical harmonics basis [11],
P = 50119\ Y. The ODF at the zeroth layer, p®(w) or equivalently
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{ p},(:,)}, is taken as a given input and the mean field free energy is minimized
in the space of {pf;)}. The free boundary far away from the substrate is
implemented by setting p® * Y(w) = 1/4n. Once the components of the
ODF are calculated, the standard symmetric second rank nematic tensor ¢
can be constructed:

V3 1

Oxx = ) Repg;) - ‘z'pg(l))v

sz = Pgao),

ny = _Qxx - Q:za (6)
1

Oy = —élmpg‘;),

Ox: = Repgf),

0y = Impg‘f).

The nematic scalar order parameter S is given by the largest eigenvalue of Q
and the director is the corresponding eigenvector.

3. TUTORIAL EXAMPLE: LL MODEL

First we consider the simplest available model for Nematic phases, namely
the Lebwohl-Lasher (LL) [10] model where the spin—spin interaction
V(w,w’) = — JP;[cos ()], where J is the interaction strength, P; is the 2nd
order Legendre Polynomial, and + is the angle between two spins. The self-
consistency Eq.(3) for density will now read:

1
pD(w) = 2(7)/ oo’ exp[—JPa(.0") (4p@) (") + p ™V (W) + PV W),

where @ is a unit vector in the direction of w. Decomposing P,(w.w’) into
products of spherical harmonics, it is easy to see that the components with
[ = 2 are the only relevant ones. We consider as an illustration, a simple
conical boundary ODF p@(w) = 6§(9 —¥)/2nsin ¥, characterized by the
opening angle ¥. It is a uniaxial boundary ODF for which pg%) = Py(cos ¥)
and p:(g) = 0. The director at the boundary is parallel to z-axis for any ¥. A
zero temperature calculation shows that the possible ground states have a
mirror symmetry plane through the polar axis, degenerate with respect to
rotations about the polar axis. Hence pg"o) and pgcz') are the only relevant
modes. We restrict our attention to temperature sufficiently below the bulk
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nematic —isotropic transition, which for this model occurs at kgT/J = 1.32.
Under these conditions we find that the interfacial region, characterized by
variations of the scalar order parameter S is small, typically two layers thick.
The director is found to be uniform throughout the system for all layers
with a > 1. For ¥ < ¥,,,,ic = 54.7° the anchoring direction is homeotropic
(parallel to z-axis) while for ¥ > W, planar (perpendicular to z-axis)
alignment occurs, independent of temperature (Fig. 1). In the planar case the
inplane direction of the director is of course degenerate with respect to
rotations about the z-axis. The occurrence of an anchoring transition at
U = U4, is easily understood when one realizes that for in this case
p(z%) = 0, so that the liquid crystal effectively decouples from the substrate
given the nature of the LL interaction.
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FIGURE | LL interaction with a uniaxial boundary ODF: (a) Nematic Scalar order
parameter (S) as a function of layer index («) from mean field calculation (solid line for kx7/
J=1.0 and dashed line for kzgT/J=0.]) with p(z%) = —.125 and simulation results (filled boxes
for kx7/J=1.0 and filled circles for kgT/J=0.1) with ¥ =60°. (b) Anchoring transition line (in
U vs kgT/J plane) between bulk homeotropic and planar alignments: mean field result (solid
line), Monte Carlo for conical boundary distribution (filled squares) and Monte Carlo for 3-fold
symmetric boundary distribution (filled circles).
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We verify our theoretical predictions by means of Monte Carlo
simulations. We use a 20 x 20 x 20 system with periodic boundary condi-
tions in the x and y directions. The boundary ODF is imposed at the z = 0
plane, by selecting each boundary spin independently from the intended
distribution. These spins are then left fixed throughout the simulation. The
rest of the spins are initially taken to be parallel to the z-axis and are
updated according to the standard Metropolis algorithm. First, hundred
thousand steps are discarded to allow the system to reach equilibrium,
except for ¥ close to the magic angle (the mean field anchoring transition
line) where the equilibration run is typically twice as long. After
equilibration, every ten MC steps, the nematic tensor order parameter is
constructed for each layer according to the formula: Q;; = Ea(% XXy — %6,_-,»)
where « indicates the particles and i, j indicate the Cartesian components.
This tensor is diagonalised; the numerically largest eigenvalue is taken to be
S and the corresponding eigenvector is the director. S is averaged over ten
thousand configurations. We have checked that the reuslts do not depend on
the specific realization of the boundary distribution. Qur results show that
here too the interfacial region is small and that the director is uniform
throughout the system. For the director we compute the histograms for
the distribution of the polar angles in the lab frame. We find that the
histogram for polar angle distribution shows a sharp peak that changes
from close to & = 0° (homeotropic) to that close to 8 = 90° (planar) for
values of ¥ close, albeit systematically above, the magic angle (Fig. 1).
This deviation increases as one lowers kg7/J. In order to understand the
reason behind the systematic deviation we repeat our simulations for the
lowest temperature with an initial planar configuration of the spins, with
identical boundary distributions. It turns out that the transition point in this
case falls below the theoretical prediction. A zero temperature calculation
shows that the energy cost of turning the spins of the first layer at an angle 6
while keeping the spins on the zeroth layer at the magic angle and the rest of
the spins parallel to z-axis, given by: —(1/3)(2 + cos 26) apart from
constants, increases with 6 within the interval 8 = 0 to /2. This indicates
that the planar and the homeotropic configurations are separated by a high
free energy barrier which becomes more and more important as kg7/J is
lowered, leading to the observed deviation.

To verify our prediction that the anchoring in this model should depend
only on the sign of pg%), we have considered a three-fold symmetric boun-
dary ODF as in Ref. [7] p@ (w) ~ 6(6 — ®)[6(¢) + 8(¢ — 27/3) + 8(¢ — 4n/3)].
Although this boundary ODF is more anisotropic than the conical
boundary ODF, only pg?)) # 0 and pgg) = 0 exactly as in the conical case.
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The results, also plotted in Figure 1 are indeed close to that of the conical
case. The difference between the conical and the three-fold boundary
ODF shows up only in higher / order parameters, suggesting the require-
ment of having higher / terms in the spin — spin interaction to understand the
anchoring transition of Ref. [7].

Before we take up the case of higher order spin-—spin interactions, we
consider the relaxation of a biaxial boundary ODF, i.e., pgg) # 0, to the
uniaxial bulk ODF retaining simple LL interactions between the spins. We
carry out mean field calculations for a given pg‘;) and pg%), based on free
energy in Eq. (2). The difference between the two smaller eigenvalues of the
nematic tensor, Q obtained from Eq. (6), is the measure of biaxiality (6). We
show S and é as a function of the layer index for a typical case in Figure
2(a). It is clear that the boundary biaxiality decays to zero in the bulk over

0.8 l
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FIGURE 2 LL interaction with a biaxial boundary ODF: (a) Nematic Scalar order parameter
(S) (solid line from mean field theory and open circles from simulation) and biaxiality ()
(dashed line from theory and open boxes from simulation) as a function of layer index (a) for
P = —0.125, piy = 0.2 at kT=1.0. (b) Anchoring diagram in o5y, p% plane for ksT=1.0
(solid line from theory and the filled circles from simulation).
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the tiny interfacial region. The director is uniform throughout the system.
The bulk director is homeotropic above pg%) = pg) /2 line and planar below
this line, as shown by the solid line in Figure 2(b). The anchoring transition
line is independent of kpT/J as before. This result is simple to understand
since the director at the boundary itself becomes planar as one goes below
this line. We check the mean field results by means of Monte Carlo
simulations. We choose the boundary spins from a distribution P(8,¢) =
Cexp(4Py(cos ) + Bsin’fcos2¢), where C takes care of the normali-
sation and 4, B are such as to satisfy [dwP;(cosd)P(6,¢) = pg%) and
i sin’ fcospP(6, ¢) = pgg) for the given pé%) and pgg). The transition points as
found from the simulation, shown by the filled circles in Figure 2(b), is in
clear agreement with our mean field predictions. The agreement between the
theoretical and simulation results for this simple model leads us to use our
formalism for more complicated cases.

4. ANISOTROPIC BOUNDARY ODF AND MORE
COMPLICATED INTERACTION POTENTIALS

Now we generalize the above mean field analysis to the anisotropic
boundary ODF, more specifically the three fold symmetric boundary ODF.
As already pointed out, we need to include higher order / terms in the spin—
spin interaction to address these situations. We note that due to up—down
symmetry of the nematic phase only even / are allowed in the spin—spin
interaction. If we consider the presence of a P4(cos-y) term in addition to the

usual LL interaction, p;:) for both /=2 and / = 4 will be relevant. In this

case in addition to pg())), pg?]) and pfg) are also relevant boundary parameters.
The presence of these higher order boundary order parameter make the
anchoring diagram nontrivial. For instance, the azimuthal symmetry is ex-
pected to be broken due to the presence of a nonzero pg).

We illustrate from our mean field calculations the main features of the
bulk anchoring due to the presence of a nonzero P4(cos y) term with a three-
fold symmetric boundary ODF with mirror symmetry axis (C;,). We choose
the lab frame as follows: the polar axis still coincides with z-axis, but x-axis
is taken to coincide with one of the mirror symmetry axis (o) of the
boundary distribution, the azimuthal angle ¢ being measured from this axis.
We take the straight forward generalization of the mean field free energy of
Eq. (2) for V(w,w’) = T, - 3 4J; P;(cosy). We find that the director evolves
from a homeotropic alignment to a quasi-planar alignment (with the polar
angle of the bulk director y,, close to (n/2)) through tilted alignments as
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FIGURE 3 (a) The transition line between homeotropic (above the line) and tilted alignments
(below the line) for pf,%) = —0.3 (circles), 0.1 (squares) and 0.3 (triangles) with Ps(cos ) term in
the interaction and a 3-fold boundary ODF. The calculations are done with J4/J=0.2, kzT/
J=1.0. (b) The polar angle of the bulk director as a function of p(Z%) at pf,(;) =0.2 and pi%) =-0.1,
the other parameters being the same as in (a).

pg%) decreases. The transition lines between the homeotropic and tilted
alignments are shown in Figure 3(a). In Figure 3(b) we show 6, as a
function of p&%) as the bulk director evolves from homeotropic to quasi-
planar alignment through tilted orientations. More interestingly, in all these
tilted alignments (including the quasi-planar alignments), the bulk director
1s parallel to o (i.e., ppux = 0). Hence the inclusion of the Ps(cos~y) term in
the interaction leads to azimuthal symmetry breaking with a three fold sym-
metric boundary ODF. However, this does not lead to azimuthal reorienta-
tion, observed in Ref. [7].

Next we study the effect of adding biaxiality to the 3-fold symmetric
boundary ODF on the anchoring diagram; more interestingly, if it could
lead to azimuthal reorientation. As soon as the biaxiality is turned on, or

equivalently pgg) # 0, the three lobes of the boundary ODF become unequal.

Let us first consider the case where p(zg) is positive. A typical anchoring
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FIGURE 4 (a) Anchoring phase diagram in p(z(())), pig) plane with a P(cos ) term in the
interaction for J,/J=0.2, ksT/J=1.0 and p\2) = 0.3 with p{3 = 0.1. (b) By (s0lid }ine), Grun
(long dashed line) as functions of pgo for p4(; =0.1. (c) Azimuthal dependence of boundary
ODF for a typical 8 with pg%) =0.175 (solid line), 0.15 (dashed line) and —0.3 (dotted line). The
difference in the ODF with py; is not significant but can cause quite significant chages in the
bulk director orientations as can be seen from (b).

diagram in pgg), pgg) plane is shown in Figure 4(a) for pgg) =0.1, p,(‘g) =03

and Jy/J = 0.2. For a given pfg), we always get homeotropic anchoring for
pg())) larger than a threshold positive value. Below this threshold we get tilted
orientations of the bulk director. In Figure 4(b) we show 8y, and ¢p, as a
function of pg?)) for pfg) = 0.1. Evidently the bulk director becomes quasi-
planar with decreasing P(z(())) but always ¢pux = 0. To understand what
happens at the boundary while the bulk director orientation changes, we
plot in Figure 4(c) the azimuthal dependence of the boundary ODF (for 6
corresponding to which the ODF has maxima) for three different values of
p%), two close to the point where 8y first becomes nonzero and the other
when the director is almost planar. Clearly the lobe at ¢ = 0 is stronger than
the other two lobes implying that the director essentially coincides with the
dominant lobe in the azimuthal plane. However, the difference between
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the distributions is not really so significant, implying that the anchoring
direction is incredibly sensitive to very small tuning of the boundary ODF.
The anchoring diagram is shown in Figure 5(a) for the same pS%) and Ju/J
but a negative p (— —0.1). For large and positive pg())) we always get a
homeotroplc anchoring (marked by H in Fig. 5(a)). On decreasing on)a for

01> p43 > 0, we get transition from H to P alignments where the direetor
is planar but oriented perpendicular to ¢ (P orientation). This transition line
is marked by the solid line connecting filled circles in Figure S(a) The region
of this direct transition, however, depends on the value of p40 ; for instance,
if p(o) > 0.3, this region is completely suppressed. For 0.4 > p43 > 0.1, we
get transition to tilted orientations of the director (7 orientation) from H
orientations, by decreasing pg%). The transition line is shown by the solid line

ebulk’¢bulk
-}
g
o

0.0 1800  360.0
¢

FIGURE 5 (a) Anchoring phase diagram for J,/J=0.2, kgT//=1.0 and p40 =0.3 with
p22 = —0 1. (b) Bpun(solid line) and ¢puk(dashed line) of the bulk director as a function of p(zo)
for p43 =0.3. (¢) Azimuthal dependence of boundary ODF for a typical & for
P =03, pl% =02, p¥ =10 (solid line), 0.05 (dotted line) and —0.5 (dashed line)
with pg;) = -0.1. These points correspond to H, T and P orientations respectively in the an-

choring diagram in (a).
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in Figure 5(a). Further reduction of pg%) in this region of pf,g), leads to the
transition from 7 orientation to P orientation, the transition line being
shown by the dashed line (Fig. 5(a)). On the other hand if p‘(g) > 0.4, we
always get T orientations; the director becomes quasi-planar for large but
negative pg%). The most interesting feature for a negative pgg) is the azimuthal
reorientation of the bulk director as noted in Figure 5(b). For a negative
pgg), the dominant lobe is close to (27/3) (the other equally dominant lobe is
related to this lobe by a 3-fold rotation) as shown in Figure 5(c). Unlike the
tilted orientations obtained with positive pgg), clearly the bulk director in T
orientation makes a finite azimuthal angle with this lobe and both 6y, and
dpux €volve as a function of pé%). Hence, if the interaction potential is
truncated at P4(cos~), any interesting azimuthal reorientation of the bulk
director can be achieved only through biaxial deformations of the 3-fold
boundary ODF which is the case in Ref. [3].

In order to search for the possibility of azimuthal reorientation of the
bulk director by tuning the parameters of a purely three-fold symmetric
boundary ODF as in Ref. [7], we include a Pg(cos ) term in the interaction.
Note that in this case pgg will be another relevant order parameter which is
nonzero at the boundary by virtue of the 3-fold symmetric ODF and can

0.025

Parallel

0.020

Perpendicular
0.010 +

1 1 1
0‘005040 -0.30 -0.20 -0.10 0.00

FIGURE 6 The mean field anchoring transition line between (solid line connecting the circles)
planar bulk director oriented parallel and perpendicular to mirror symmetry axis (o) of a three
fold symmetric boundary ODF with a Pg(cos v) term in the interaction and a 3-fold symmetric
boundary ODF. The values for different parameters at which the calculations are done: Jg/
J=0.01, JyJ=0.1, ksT}J= 1.0, pif) = 0.01, py = —0.01, pf = —0.01 and pfg =0.40.
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show spontaneous symmetry breaking for a planar bulk director. This can
lead to azimuthal reorientation for a planar bulk director We carry out
mean field calculations ignoring the dependence of p:,_0 on a We choose
ksT)J = 1.0, J4/J = 0.1 and Je/J = 0.01 and fix pi0 = 0.4, o = 0.1, pl% =

0.1 and p(o) —0.1. The most interesting observation is that for low values
pfg), i.e., for weak anisotropies, we get a planar director with both parallel
and perpendicular orientations with respect to o so far as p ) < 0. The
transition line between these two alignments in p(zo), p43 plane, marked by a
thick line connecting filled circles in Figure 6, clearly brings out the
interesting suggestion that for sufficiently weak anisotropy, by tuning p( )
alone, it is possible to reorient a planar bulk director even in the case of a

3-fold symmetric boundary ODF.

5. CONCLUSION

We have shown that in the context of simple lattice models the link between
parameters of the boundary ODF and anchoring behaviour can be fully
elucidated. This model calculation shows one possible way to use the SHG
data directly in a microscopic calculation to predict the bulk anchoring
behaviour. We also stress that this is a microscopic calculation that includes
the inhomogeneous interfacial region as well. Our calculation, clearly, can
account for azimuthal reorientation of the bulk director induced by highly
anisotropic substrates [3, 7]. Our (lattice) modetl is probably too simple to
be compared with experimental results [7]. Nonetheless, it illustrates one
possible model compatible with nematic symmetry leading to azimuthal
reorientations of the planar director. The basic symmetry considerations will
remain valid in more general cases of interactions, namely those which
couple the orientational and positional degrees of freedom. However, in
order for our approach to have predictive value for real liquid crystals, we
need to consider such couplings. It is worthwhile in this context to mention
that in order to explain their observed azimuthal reorientation, Schud-
deboom and Jérome {7] in their phenomenological Landau-de Gennes
analysis, invoke the coupling between the nematic scalar order parameter
and a third rank tensor, which in nonzero due to the three fold pattern at the
substrate but decays sufficiently fast in the bulk. They seem to have very
good agreement with their experimental numbers [7]. Clearly such couplings
are completely ruled out in our analysis, for this corresponds to odd [ terms
in the spin-spin interaction. It will be interesting to investigate under what
situations such coupling can be generated in the light of our microscopic
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analysis and compare that with our present microscopic model. We hope to
report such comparative studies in a future publication.
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APPENDIX A: THE MEAN-FIELD FREE ENERGY FUNCTIONAL

In this appendix we derive the mean-field free energy for a Lebwohl — Lasher
model on a cubic lattice of N layers of M spins, which is inhomogeneous in
a single direction. Starting point is the Bogolyubov inequality [12]. Given
a system described by hamiltonian H and an arbitrary reference system
described by hamiltonian Hy, then the free energy of the system fulfills the
following inequality

F < (M)y—TS (A1)
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where the angular brackets denote averaging over the equilibrium ensemble
of the reference system and Sj is the entropy of the reference system. As our
reference system we choose a system of non-interacting spins placed in an
external field whose strength only depends on the distance to the planar
boundary in our semi-infinite geometry, i.e.,

N M
Ho= 33 thalw) (A2)

a=0 j=1

where o indexes the parallel planes and j indexes the individual spins within
each plane.
The equilibrium distribution of the reference system is given by

Po({wey}) = [T I polwey) (A3)
a=0 j=1

where the single spin probability is given by

e~ Bua(w)

pa(w) = Tdu'e Pl (A4)

The reference system entropy is easily determined from the definition

N

So = —kB/{dwaj}Po({waj}) In Po({we,}) = *MkBZ/dea(W) In pa(w)
a=0

(A5)

The system hamiltonian itself is a sum of nearest neighbour interactions

H = Z V(w;,wj)
{ij)

so that its average over the reference ensemble works out as

N
(H)g=MY" / / duodes V(0,0 )po() [P (07) + 4(w") + Parss (@]
(A6)

Note that we assume the absence of interactions within the boundary plane.
Combining Egs. (A6) and (A5) yields the free energy per column of spins
perpendicular to the boundary as encountered in the main text.



